v = stoichiometric coefficient (moles reactant con-
sumed/mole of mineral reacted)

= space time, s

= dimensionless reactant concentration

= porosity

R

Subscripts

b = breakthrough

h = homogeneous phase reaction
i = reactant species

j = mineral species

n = last of the moving fronts

s = surface reaction
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On the Construction of Dispersion
Approximations to the Solution of the
Convective Diffusion Equation

We identify dispersion approximations to the transverse average of the solu-
tion of the convective diffusion equation on exacting equality of a finite number of
axial Hermite moments. The method unifies the dispersion of chemically active
and passive solutes and generalizes dispersion theory to arbitrary transverse
averages. We emphasize the importance of the scalar results via their applica-

tion to the dispersion of a system of chemical isomers.
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SCOPE

In the area average and for chemically inactive solute, the
dispersion theory of Gill and Sankarasubramanian generates
useful approximations to the transverse average of the solution
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of the convective diffusion equation. Because technical difficul-
ties limit the implied construction in nonarea averages and for
chemically active solute, a reformulation of the conditions

which define the dispersion coefficients is outlined. The result
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is that the class of systems for which their complete time
dependence can be established is substantially enlarged.
Thus we focus on chemically active solute and report the

predictions of the second-order approximation in the disper-
sion of a system of chemical isomers, recording area and flow
average results.

CONCLUSIONS AND SIGNIFICANCE

We find that to identify a dispersion approximation, it is
necessary and sufficient to deduce the time averages of the
corresponding dispersion coefficients. We also find that the
time average dispersion coefficients are significantly easier to
evaluate than the dispersion coefficients themselves. It follows
that the construction of the second-order dispersion approxi-
mation ¢? is computationally feasible in chemically active sys-
tems.

The dependence of the dispersion coefficients on the initial
solute distribution suggests the formulation of an asymptotic
approximation to ¢™. We establish an approximation, denoted
&, which depends only on the constants X ,_..., where X ifs—. is
independent of the initial solute distribution, and [* (X; —
X|t—sw) dt. The X |;~= become the dispersion coefficients in the
constant coeficient approximation, and the [* (X; — X{|~«) dt
establish the correction of the initial condition such that ¢ and

™ coincide as t grows large. We find that &2 is a substantially
better representation of c'® than is the so-called Taylor-Aris
approximation which likewise is predicated on the asymptotic
dispersion coefficients but takes the prescribed initial condition
at face value.

The sealar theory is useful in multisolute dispersion if D and
K possess a common set of eigenvectors. It is generally useful if
K = 0, but not otherwise. For K # 0, we report predictions for
an isomerization to illustrate certain salient features of multi-
solute dispersion. Now, in such systems the pseudo species
follow the scalar theory, whence the differing chemical ac-
tivities of the pseudo species imply differing pseudo species
velocities. This alone accounts for the splitting of the species
waves. We find that the approximation ¢2 estimates £&'® quanti-
tatively throughout the splitting.

INTRODUCTION

We investigate the dispersion of a chemically active solute via
the action of a rectilinear flow field in a cylinder of arbitrary cross
section. The solute experiences an irreversible first-order de-
composition which may be heterogeneous, that is, promoted by
acatalyst deposited on the surface of the cylinder, or homogene-
ous or both.

The plan of the paper is the following. First we define the m™
dispersion approximation ¢'™ to the transverse average solute
concentration ¢ and thereby introduce the dispersion
coefficients X;, which we express via the Hermite moments ¢; of
€,j=0,... i Second we exhibit the m™ order dispersion
approximation and find that it depends on the dispersion
coefficients only through their time integrals which admit ex-
ceedingly simple expression via ¢, i = 0, . . ., m. Third we
introduce the constant coefficient dispersion approximation,
and we indicate its relation to the so-called Taylor-Aris approxi-
mation. The scalar dispersion results can be used in multisolute
dispersion for nonreactive solutes, generally, and for reactive
solutes under certain conditions, We exhibit the predictions of
the theory to illustrate the physics of multisolute dispersion.

THE m™ TAYLOR-GILL APPROXIMATION TO THE
TRANSVERSE AVERAGE CONCENTRATION FIELD

In the dispersion of a solute cloud under the action of rec-
tilinear flow in a cylinder of arbitrary cross section, the solute
concentration ¢ satisfies the convective diffusion équation

dc dc 3%
- = 2c — vp— + — .
= DVic — v 5 D po + Kye t>0, x,y)ed (1)
z €—®,%)
the surface balance condition
~Dn Ve +Ke=0 t>0,(xy €eC
z e(——OD,OO)

and the initial condition that c|;-o be the prescribed initial solute
field. Here Vi = 8%/0x* + 9%ay?, and Equation (1) is expressed in
scaled variables. Thus, if a prime superscript distinguishes a
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dimensiona! from a nondimensional variable, and i L and T
denote physically meaningful length and time scales, then we let

x/ ' Z' Vlz tl
c=povs ss Visgn i
and
D 0 Y K}
P T Ko Moo

and we write v(x,y) = Ny u(x,y). )
We introduce the set of Hermite functions {¢,(z)} such that¢
can be represented by its Hermite moments ¢;; namely

o

c = 2 Cid)i (2)

i=0

where

¢ = le,dy) = f e et dz = f ch,dz

where ¢i(z) = hiz)e™?", and where the set {¢} is a complete
orthonormal set in the Hilbert space 2 = F£*(—x»,), R, (-,-)].
This follows because the set {h} is a complete orthonormal setin
the Hilbert space £2 = F*[(—w»,»), R, {-,")_], where (-,-). = [=_
- e~?*dz, and where h,(z) is a renormalization of the i*" standard
Hermite polynomial H,(z); namely

h) = —22_
Vn2iil
(see Courant and Hilbert, 1966). It follows that

Lh@) = Vb

whence that

;; ¢i(z) = — m bi(2)

Equation (1) implies that the i® Hermite moment of ¢ must
satisfy

305
7 = DV%C,’ + V2i Npp U Ci—y
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+ V2 V2({i— )Dcieg + Kyci, (3)
t>0, (xy) el
—Dn-Vi + Ke; =0 t>0, (r,y) eC
and
climo = (cl=0 0,  t=0

whence the elements of the set {c} can be evaluated recur-
sively. A formal representation of ¢; may be constructed via its ;
moments, <c¢;, §;>, in particular

¢ = i <ci, Y5>y 4)

where
(xy el
(xy) €€

DViwl— = - 7\1'2‘1/1'
—DB'VA‘l’i+K¢i=0

where {—A% is ordered via A} < A%, and where

= f f@ ¢l dxdy

< P> = 8y
It follows from Equation (3) that

<ci, §;>

and

-%- <ci¥> = — N<cif> + V@i N, <uci >
+ V2i V2(i — 1) D<cia > + Ki<cntp™>
whence, if K, = 0, that
<c¢j, lllj>fKA=o = M <Cilpmo, ;>
+ _/te"‘iz"‘ T’(\/E Npe<<uci_i|, ;>
' + V2i V2 = 1) D<cialoth>

whereas, if K, < 0, that
<enl> = eM4'<ci, P>k =0
We conclude that
= "4 ¢iliy-0

If we use the notation

®

=S e M e t>

j J=1

w  w t
=3 2/ =M <efems, P> <t B>V

ik J=1k=1

<

® ® o t T
; £

X < ifpmon > <tafiy, > <y, ¥ >
etc., we find that

Co=2()o

Jj

01=2()1

j

C2=2()2+ V2'2Np9|:22()1

+ \/éNpeEE()O
ik

J

+ VBN, SIS (0| + VETZVED ST O

b ok=j

a=3 0+ VEIN IS O
ik

Jj
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#VEEN[SIT 0+ VENLSISS (1]
+ V2 \@DEEE( }

J k=i

+VEIVEED ST

Jok=i

+ VAN, SIS (0
J o=k 1
etc.

Inasmuch as mean convergence of the series in Equations (2)
and (4) is sufficient for the commutativity of the limiting opera-
tions of integration and summation, the transverse average
solute field, the ¢-field, where

¢ = <c,w> = [f cw dxdy
A

can be gotten on termwise averaging Equations (2) and (4). Thus

®©

c = 2 Cid; (5)

where

G = Cd)=Cd) = S <cot>U ®)

=1
Fort >0, the sums in Equation (6) are readily evaluated for each
i. In Equation (5), however, even on placing favorable smooth-
ness conditions on ¢|.g, the truncation error after summing n
terms is O(n~1%). Thus, Equation (5) is not of practical value in
establishing ¢.

Gill and co-workers, principally Gill and Sankarasubramanian
(1971) and Sankarasubramanian and Gill (1973), produce an
infinite-order differential equation for ¢ which on truncation
generates useful approximations to ¢ and ultimately to ¢. Tech-
nical difficulties arise in Sankarasubramanian and Gill (1973) and

limit the use of their area average bound theory. In the following
we show how to circumvent these difficulties by using the

method of moments. In so doing we unify the dispersion
theories of chemically active and passive solutes.
We define the m™ dispersion approximation to ¢, denoted
&™), to be the solution of the generalized dispersion equation
acon) Jlctm

2 D m

where ¢™)|., = c|,=0. Evidently the set {X{™}E is transverse

average dependent; in what follows we admit arbitrary trans-
verse weighting functions w subject only to the conditions 0 <
w(x,y) < @ almost everywhere on A and [, /wdxdy = 1. Equation
the dispersion coefficients {X{™}. For this purpose we construct
aformal representation of &™ via its Hermite moments; namely

am = 3 (@™ $)

i=0

IEfollows from Equation (7) that the i*h Hermite moment of ™,
™. ¢) denoted‘c_‘}"", must satisfy
namely, [£", ¢} denoted €™, must satisfy

d _ MIN{im) \/—271‘—
— ¢t - X ¢fm
dt 2 i = -

=0

€ieo = €ilt=p 8)

Inasmuch as

{X ™} v {6} %0 ¢ {620

we define the m™ order dispersion approximation to the trans-
verse average concentration field, on exacting equality of the

first m + 1 Hermite moments of ¢™ and ¢; namely, on setting
i=0,....m

sm — =
Ci = Gy,
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TABLE 1. FORMULAS FOR X,, X; AND X,

1 1
Xo = — <c¢o, DViuw> + _—f colKw — Dn - Vw)ds
Co € J¢

0Cq 1 ¢ o
X, = — + —— | <e1 — co—, DViw>
Co V2 e, Co

1 [2 ~ c c
+ - {<02 - co_—z - \/2 (01 — ¢o —_l—> -:1— DV?uw>
0

Co o/ €

2 = c ¢
+/. [cz—co—}—— \/2 (Cl_Cotl—> _—]:|
[of Co Co Cy

(Kw — Dn - Vyw)ds }

Therefore, from Equation (8), fori = m, we deduce the defining
relations for the m™ order dispersion coeflicients:

1 dc

=xXm=__ 0

Xo ° g, dt
X = xm= _1_[‘151'
24 ¢, L dt

o[ _
- W x;m Ci—j] ©

J=0

i=1,....m

wherein & and d¢;/dt follow from Equation (6). Evidently, thei'h
dispersion coefficient evaluated in the m*™ order dispersion ap-
proximation X{™, i = m is identical to the ith dispersion
coefficient in any order equal or exceeding the i*". Thus, we
denote X{™, by X;,i =0, . . .,m and we rewrite Equation (7) as
Equation (7) as
gem o mo L gigm
o ;( ' X; Py (10)

where
E(m)|t:0 = 5lt:o
It is important to observe that ¢; = e*4’ ¢i|g,— implies that
Xo = XOlKA=0 + K4

Xi = Xilkqmo: i=12 ...

It follows that a homogeneous chemical reaction bears solely on
the determination of the coefficient X and does so in the obvious
way.

Now the X;'s achieve their most general representation via
Equation (9). For sufficiently smooth weighting functions, we
record in Table 1 the formulas for X, X, and X; which result on
use of

_‘Id‘t_ = DV3c, + V2i G, + V2i V2(i — 1) D ¢y

and Green’s formula to eliminate dcy/dt and Vic; from Equation
(9). In Table 2, we report the important elements of the formulas
in Table 1 for the product class of initial conditions; namely, ¢le=o
= gix.y) 4.

We observe that the dispersion coefficients depend on the
initial solute field, the transverse average and the physicochem-
ical parameters of the problem. In general, we find that X;

* The simplification accorded by product class initial conditions is so great that faced
with a finite sum of product class functions, we would construct an approximation by

summing the dispersion approximations for each product class function even though the
result would not be a dispersion approximation of the class being entertained herein.
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TABLE 2. IMPORTANT ELEMENTS OF X,, X; AND X, IN THE
ProDUCT CLASS OF INITIAL CONDITIONS

ARy s B0
¢ — ¢ z V2 Np?[zz (o= 2(D W]
Cy — ¢y Cy
Cg—COZ—\/Z(Cl—Coa>a
__ 233 (Th
= V2RI N2, { 333 (), — o~
(300200 2 -
22 (M “h
[mo-za 2] 55

e e —330)
oc; — e, z —VéNpe[uEZ()o—uz()o—zz_)To]

contains terms proportional to NJ.j = 0, 1, . . .,i and that the
dependence of X; on the initial solute field is not simple. How-
ever, for initial solute distributions of the product class, the
terms in X; proportional toNj,j <i vanish and X; is independent
of #(z).* Thus, for this preferred class of initial conditions, we
can eliminate the N,,. dependence of X; by scaling X, by N, X,
— D by N2, and X; by Ni.i = 3, whence we need only specify
#x.y), the transverse average and the chemical reactivity to
determine X;.

Graphs of X4, X, and X, vs. t for selected initial solute distri-
butions, transverse averages and chemical reactivity can be
found in De Gance and Johns (1978b). The graphs indicate the
features of the average concentration field ¢ that are encoded in
each of the dispersion coefficients for ready transmission to the
dispersion approximation.

EXPRESSION OF ¢™ VIA ¢, .. .6

The Fourier transformation can be used to construct a formal
solution of Equation (10). Thus, we let F(u) denote the Fourier
transformation of u

Flu) = f_m "™ u(z) dz

and observe that
m . s
3, (i =¥ fo Xindr
F(€]i=g) (11)
whence ¢™ follows via the Fourier inversion theorem.

We conclude that integrals of the first m + 1 dispersion
coefficients are sufficient to establish the m'™ dispersion approx-
imation; surprisingly, the expression of the integrals is much
simpler than that of the corresponding coefficients. For in-
stance, we find that

F(e™) = ¢

¢
f Xo(m)dr = In colh
0

ST
ke
X
jo9
3
I

L2X3(7)d7' - {_E_s

0
¢
1 c
Xy(r)dr = —[ 4
-[0 4" Vaial LG
_val s A (ﬁ)z &
Cy Co 2 \y o
_Ja (_) + A= (C_ﬂ ’
2t \ ¢ 4! \ ¢ 0
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ete. It follows that ™ can be obtained directly from ¢;, i = 0,
. .,m. In particular, it is neither necessary to establish X, see
Table 1, nor to perform the quadrature [! X (7)dr.
In certain instances, the inversion of Equation (11) is very
simple. In particular, for m = 2, if the initial distribution is
Gaussian,

~ =2
g =Clig = 3 e 22
we find that
(z — f(;xl(‘l‘)d‘r)z
t - t
_ o’ f() Xo(rdr 202 + 2 fO X2(nd7)
c? = § 2 4 e

¢
o2+ 2 f Xy{r)dr
0

where in the product class

[(:Xo(r)df B S (o
o0
' _ 23 (e
j;xl(T)dT = Ny =~ o |,
and
! ) "o 1 33 “Jo z
j;Xz(T)dT = Dt + N, —‘"“—Eé (_()0) 3 [——2 (E)Z ] ) t

THE CONSTANT COEFFICIENT APPROXIMATION

The fact that the dispersion coefficients become asymptoti-
cally constant fort — o and the fact that all of the coefficients are
virtually on their asymptote for £ > 10/(A] ~ A}), independent of
the initial solute configuration, the physicochemical parameters
of the system, or the weighting function w, (see De Gance and
Johns, 1978a,b), suggest the introduction of the constant
coefficient approximation ¢”. This might be called the Taylor-
Aris approximation, if m = 2, but we do not use that name
because of its association with constant coefficient approxima-
tions in which the initial distribution is taken to be &f,—,, thereby
precluding ¢ — ¢™ for t — w.

Thus, we define 25 via

dEm  m o gEm
Frant (-1 Xiw T (12)
izo
and
Egom)__, E(m) as f —> ®©

where the coefficients X;» denote the long time limiting values
of X,(t), and where we find that

Xooo = - }\12
Xiw = Npe<uipy, ;>

<y, P>
Xpo= D + N, 3 S’

=2 )‘1’2 -\
2 < >t
X3 = Ngv 2 *ujlﬂ_fg_’ (<uwm"l’m> - <u¢h¢'l>)
m=2 ()\m - 7\1)

+ N3 i i <udy, Y= <ufry, P> <uim, P >
e m=2 n=2 (}\gn - }\12)()‘% - )\12)
$m
ete.

It is worth observing that the asymptotic dispersion
coefficients, unlike their finite time antecedents, depend
neither on the transverse average used in their construction nor
on the solute distribution throughout the cylinder initiating the
dispersion process. Such factors can influence ¢&” only via the
initial condition that must be imposed upon c$” to certify its
faithfulness to ¢™ for ¢t — .
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The Fourier transformation can be used to establish a formal
expression for ¢, In particular Equation (12) implies that

m
T (~ i) (—~ 1) Xjeot

F(Emy = ¢~° F(E%)1=0) (13)

whence ¢J%|,o follows from the Fourier inversion theorem upon
identification of ¢@™|,,. We define €3}, via

_ F(e™)
lim =

— =1 Y
== F(COV)

which implies that ¢{™ — ¢Z’ = O‘(e”‘%‘), whence ¢ virtually
coincides with €™ for t > 10/(A — AD).
We introduce A; via

¢
8= [ (-1Xe) — Xealdr
¢

¢
= (—1)i( f X, ()dr — X,-mt)
0
and observe that ltim A; = A, < o inasmuch as X,(¢)
= Xjw = O(Fe~*3-2D) (see De Gance and Johns, 1978a). 1t
follows that
F(Cli=o)
F(cl=o)

and hence, from Equations (11) and (13), that

Fe™) _ [ 2 “‘"’”’Af]

FEL™y

g (—1m)iAjc
F(E‘;’”L:o) =0 F(5|t=o)

Thus we may deduce ¢9™|., from the Fourier inversion
theorem.

In particular, form = 2, if the initial distribution is Gaussian,

22
" 902

o =ge

we find that

_ _k* Alw)2
2) - - g Agoo 2o 2 + 2A7)
Cwo \t:o =8\ < o~ 2+2A2 e e

whence

5 G+ Alw ~ Xt
o = il Agee + Xpoot | 202 + 28200 + 2X2wl)
w = 9 5 e e

o° + 2A2x + 2X2xt

and it remains only to establish A, i = 0,1,2. We remark that
A,.. is not singly signed, though f(t)deT >0, >0 (see De Gance
and Johns 19784¢), and that in the likely event Ay, < 0, the
constant coefficient approximation may be undefined for ¢ — 0.

The line of argument establishing the A, is indicated in the
appendix. We list only formulas sufficient for the predictions,
namely

ln <Co|t:07 ‘\bl> ’w—l

Ape -
’ Co(0)

1

o <Co|g=p, P> ;
A = — 2 NZ — A2 <U‘1’j""1>(—‘—‘—0|t v ¥, + E‘)
J=2 '} 1

<cn|t=01 (l’1> :[11

1
Ao = — 2 ETNE <o, Py >*

<colt=0, P> )2

1 (Oo 1
- — —_— <oy, Yy >
2 )=§:2 AP = A2 ol s <Colt=o, Y>>

1 /& 1 : W 2
- E 2 A-Z _ )\12 <U¢'J3‘I/1> EJ—')

1
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Figure 1. Diffusive dispersion: area average approximations at z = 50.
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Figure 2. Diffusive dispersion: area average approximations atz = 100.

4 i <o, P> <oy, P > (<Cu|t=07¢‘k> N fp_k)
=2 k-,—iz ()\ﬁ - )\12)<)\j2 - )\12) <Cn‘t=0a‘l’l> ﬁl

AT AT (SoUnd> = <o, >)x
( <colt=o. P> 4 ﬁ_)
<Cole=o, P1> %

where v = N, u and where the expressions for A and A, are
complete only for product class initial conditions. It is important
to observe that the A,.’s depend on the initial solute configura-
tion via ¢ |;-0 and on the transverse average being entertained

via 7; evidently, that dependence is transmitted to €27)—.

RESULTS

Here, we consider dispersion approximations to the trans-
verse average of the solution of the vector convective diffusion
equation, namely, to ¢, where

% o pvie-Nu i p P Lk
5 = DVac wit 2=+ D — + Kie - ¢,)
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TABLE 3. VALUES OF THE PARAMETERS USEDIN FIGURES 1 AND 2
Diffusion coefficients
Dy, =10 , D;;=00
Dy = —0.5, Dy =05

Initial state Rest state
0.65 0.20
Cleo = &+ = [0'0 ] |z| = %BZ o= [0.15]

Pencil length, Z = 25 Peclet number, N,, = 500

t>0, (xy)ed (19
—Dn Ve +Ke-g)=0
t>0, (x,y)eC

In what follows, we illustrate the scalar theory in the context of
vector problems which satisfy conditions sufficient for their
reduction to scalar problems. Thus, we consider the purely
diffusive dispersion of two solutes in a solvent and the dispersion
of a system of chemically active isomers. In each instance, we
avoid the fully general coupling implied via fully general D, K,
and K.

In the case of purely diffusive dispersion, Equation (14) im-
plies the set of scalar equations in the j'" pseudo species concen-
tration (g¢)

32
0z2
t>0, (v,y) eA
t>0, (v,y) eC

E 3
5 @) = DiVilgie) — Nuw o—(gf0) + D, (gic)

D - V4(gfe) =0
where {Dj}, {f} and {g} are corresponding eigenvalues and
right and left eigenvectors of D, where ¢ = 3 (gf ¢)f; and ‘where
gif; = 8;. Evidently, the m™ dispersion apptoximation, gf¢™,
to g7 ¢ can be constructed by scalar means and then assembled
via

_(-:(m) — 2 ﬁ‘“")fj
2 L

to produce the m'" dispersion approximation ¢™ to ¢.

The dispersion coefficients X ;; corresponding to thej*" pseudo
species follow from the scalar formulas for X; on setting D = D;
and K = 0, whence £™ satisfies

e m ) Jictm
= = -1 X; —
at E,.:( ) & azt

where
Xi=3 X,fg
3

In the area average, which is preferred in the dispersion of
chemically inactive solute, we find that X, vanishes and that for ¢
— o0, X, is spherical. However, X; need not be spherical for all
time; in particular, we can exercise essentially unlimited control
over the pseudo species velocities for short time through the
initial solute configuration, the specification of which is our
prerogative.

The diffusive coupling is manifested solely in X,, where fort
— 2

X2oc - ,_,D o« NAZN D_I

Evidently, the implications of the diffusive coupling depend
strongly on the value of N .. For instance, if D is essentially

triangular, then
a 0
XZw = |: 1 :I
Gg;  dag
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Figure 3. Reactive dispersion: area averoge approximations at z = 50.
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Figure 5. Reactive dispersion: area average approximations atz = 100.

TABLE 4. VALUES OF THE PARAMETERS USED IN FIGURES 3,4,5

AND 6
Diffusion coefficients Rate constants*
D;; =10, Dp=0.0 kiz = 0.08, ki3 = 0.0, ky; = 0.02
Dy = 0.0, Dy =1.0 kyy= 2.0, ks = 0.0, ks, = 0.0
Initial state Equilibrium state
Yle=o = cleo — & = [:82] &= [gg]
ol = %Z

Pencil length, Z = 25 Peclet number, N, = 500

* where k;; is the rate constant for the step j — i.

wherea;; > 0, az; > 0, butay, is not singly signed; in particular,
ifag > 0forN,.— 0, thenay, <O0forN,, — ». Thus, depending
on whether the longitudinal spreading is dictated by axial diffu-
sion (N . — 0) or convective diffusion (N, — «), the interaction
either strengthens or weakens the natural spreading tendency of
a solute pulse. In particular, the variance of the distribution of
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Figure 4. Reactive dispersion: flow average approximations at z = 50,
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Figure 6. Reactive dispersion: tlow average approximations at z = 100.

species 1 grows according to 2a;;, whereas that of species 2
grows according to 24,1 + 2ag, where r is the ratio of the
species 1 to species 2 content of the cylinder. Hence, under
conditions that are not exception, an initially unimodal species
pulse need not remain unimodal.

In Figures 1 and 2, we illustrate the phenomenon of diffusive
splitting. The parameters used are recorded in Table 3. The
initial solute displacement is uniform on A and constant for ze
[~ 1/2Z, 1/2Z], zero otherwise, whence X, = #1. Here, then,
the initially unimodal species two pulse splits solely because of the
2-1 diffusive interaction. We observe that in diffusive splitting-
the species pulse develops a characteristically wigwag shape
inasmuch as the pseudo species pulses spread at differing rates.

The use of the scalar theory to make predictions for the
dispersion of a set of chemically active isomers does not differ
essentially from its use in purely diffusive dispersion outlined
above. Here we let D be spherical, that is, D = D 1, which
eliminates physical interactions and implies the restriction to
chemical isomers, and we let K, = 0 but let K remain general, K
being descriptive of a complex unimolecular rearrangement
promoted via a catalyst deposited on the inside surface of the
cylinder. In particular, we let y = ¢ — ¢» be the displacement of
the local state from an agreed upon chemical equilibrium state
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and find that Equation (14) implies the set of the scalar equations
in the j™ pseudo species displacement (gfy):

2
az*

t>0, (x,y) el

a
3 @ty = D Vilgy) - Noew o= (&1) + D o @Y)

9z

and
— Dn - Valgry) + Kigiy) = 0.

where {K}, {f} and {g} are corresponding eigenvalues and
right and left eigenvecfors of K.

Here the dispersion coefficients X5, corresponding to the j"
pseudo species, follow from the scalar formulas on setting K =
K;; the corresponding X; follow via

t>0, (x,y)eC

Xi=Y X fig'
3

Of interest is the fact that the pseudo species translational
velocity X ,..; is dependent on the pseudo species chemical reac-
tivity being higher the higher the reactivity (see DeGance and
Johns, (1978b), wherein the physical basis of this and other
results is explained.) It follows that X, and certainly therefore
X,, is not diagonal; that is, an effective species velocity cannot be
identified. Hence, an initially unimodal species pulse need not
remain unimodal. In particular, because such a pulse is a linear
combination of unimodal pseudo species pulses, which ulti-
mately propagate at different speeds, alapse of time is sufficient
for splitting. Now a large pseudo species chemical reactivity
difference favors splitting; yet it implies a rapid disappearance of
the highly reactive pseudo species. Nonetheless, the reactive
splitting can be seen in the corresponding figures.

In Figures 3 to 6 we illustrate the predictions of our theory for
the dispersion of three chemically active isomers in a circular
cylinder. Figures 3 and 5 vis-a-vis Figures 4 and 6 afford a
comparison of the area and the flow average concentrations. The
parameters selected area not exceptional (see Table 4), and the
initial distributions have little or no embellishment; namely,
each glyli—o is uniform on A4 and constant forz € [— 1/2Z, 1/2 Z1,
zero Btgerwise. Here it is the differing translational speeds of
the pseudo species and not their differing dispersion coefficients
which cause the splitting of the pulses.

In each figure we also record predictions of the constant
coefficient approximation and the Taylor-Aris approximation.
The constant coefficient approximation ¢&°, where ¢ — ¢® ast
grows largé, is accurate for t > € > 0; in particular, the graphs of
c® and g® in Figures 2, 5, and 6 are indistinguishable and in
Figures 1, 3, and 4 only differ at the shortest times. For € > ¢ >
0, the constant coefficient approximation need not be accurate
and in fact can be undefined if some Az < 0; we illustrate just
such an instance in Figure 1, wherein the species two concentra-
tion is not graphed fort — 0.

The Taylor-Aris approximation differs from ¢ only because
20 # Tle=o. that is because Ay, # 0. In the product class of
initial conditions, for a fixed pseudo species, the predictions of
the Taylor-Aris approximation in the various transverse aver-
ages are constant multiples of one another. In particular, the
multiplicative factor for transforming area average predictions
into flow average predictions is the ratio of <g,w,> to <g,w,>,
where w, and w, are, respectively, the flow and area weighting
functions. Thus, insofar as we report predictions only for initial
concentrations uniform on A, the predictions of the Taylor-Aris
approximation in the area and flow averages coincide.

COMMENTS

We emphasize that ¢ is nowhere in evidence and that we
confine what we report to ¢®, where €®i—p = T, and approx-
imations thercto. We observe that € and ¢ agree only through
their first three Hermite moments; we speculate that &2 is a long
time asymptote of ¢;, i = 3,4, . . ., which suggests
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c= i € ~ i ciP; = @

=0 i=0

¥

Itis fair to say that dispersion theory provides a vehicle by which
the slowly converging sum can be readily estimated.
Evidently the foregoing extends the material reported in Gill
and Sankarasubramanian (1971) to chemically active systems, to
non-area averages and to systems in which physical or chemical
interactions must be resolved. The incentive for carrying on the
work to systems where simplifying conditions on D and/or K are
not in force, but where the dispersion coefficients can be gotten,
is dampened by the prospect of constructing the formal solution

of

aa(m) m
—— = (D' X
at et

i

aié(m)

9z

even ifm = 2. The prospects are not substantially brightened if
X; is replaced by Xix.

NOTATION

= cross section of the cylinder
boundary of A

transverse coordinates

= axial coordinate

A =R Ea
=
I

2) = eds
> = fjA‘m .. dxdy
: =/l wdxdy

w = transverse weighting function
{t} = eigenfunctions of DV}

{—A\3 eigenvalues of DV}

N,. Peclet number, v, /LT~

I

APPENDIX: DETERMINATION OF A,

We establish expressions for A, = 1im A i = 0,1,2 where

A = ('D'f (Xi(7) — Xpddr

= (—1>"(folx,(7)d7 - X,-xt)

The results provide the basis for the determination of €£'|—.
Evidently, Ay can be expressed via

A8 = In e4(t) — In ¢o{0) + N2t
Thus inasmuch as

In &) = In et <eglrmo, > (1 + E ()0/2 ( )0)

i=2 i=1

;HMEOQ

= — A\t + In <cglieo. ¥ >0, + ]n(l +
; 5
and 3 (0 3 () vanishes exponentially as t — =, it follows that
lgr; Ag(t) = In <c,limo, 41> —In ¢,{0)
Therefore

<limpe P> <ifry, >

Aom =1In
<Coli=o, w>

Now ¢,/Cq can be expressed via

. &,g(-)o/g(‘)o
_%=q/§<»—7:§;;7j?%

where the second term on the right-hand side vanishes exponentially as
t — %, Furthermore

=1
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inasmuch as

)Ji

Yo = X «t. It follows, therefore, that

E00E Oand 3 5 ¢
W E O

(7)o vanish exponentially

ﬂ ™-
T M-

as t — o and

i=1 j=1

®

1
Bo = 3y <o

=9 i 1

<Colemor >
<Colt=o, Y>>

1 { <Cylt=o, P>
\/E <Co|1=o, [

<w, P> )

<w,¥,>

<Cllt=o,W> }
<Colt=o, w>

where v = N,z and where in the product class of initial conditions the
bracketed term vanishes.

The analysis for As follows along established lines but is considerably
longer. Hence we report only the result; we find that

M s

Ay = — —_— <oy, >3
2 =~ ()\jz — }\12)2 1!’) llh
> <colreo, > \°
(G < St
= N <Colt=0, 1>
1(‘”\ 1 w,w,->)2
- i <oy,
3 22 o S s
+ 5: i <oy, > <o > ( <colt=0, Y>> <w, P> )
=2 r;:lz — ADAE — AD\ <colmo. 1> <w, Y >

®

< 3]
Z '"‘";lb_—d’l‘— (<oyy, P> — <o, P >) X
S WA
< <colr=o. ;> <w, ;> )
<Co|t=0"l/1> <w, >

n {1_(< <cdle=o, > l_(<clfr=o»llll>)2)
2V2 M\ <coltmo, ¥s> V2 \ <col—o, P>

_ ( <cgl—pw> 1 (<c|l¢=0,w> )2))
<colmp, w> V2 \ <egle—gw>

+ 2 i LI Wy > X
—<v
Ve g -8 T
( <cyfe=0. P> _ gm0 Y5> <Cilgm0r P> )}
<Colmo, Y>> <Colt=0s 1> <Coltmo, P>

where v = N, and where in the product class of initial condi-
tions the bracketed term vanishes.
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Stochastic Simulation of the Motion,
Breakup and Stranding of Oil Ganglia in
Water-Wet Granular Porous Media
During Immiscible Displacement

The problem of immiscible displacement of oil ganglia arises in connection with
oil bank formation and attrition during enhanced oil recovery with flooding. A
stochastic simulation method is developed here, which enables prediction of the
fate of solitary ganglia during immiscible displacement in water-wet unconsoli-

K. M. NG
and
A. C. PAYATAKES

dated granular porous media. This method takes into account the local topology of

the porous mediums; the initial size, shape and orientation of the oil ganglion and
the capillary number. For each ganglion size, hundreds of realizations are per-
formed with random ganglion shapes for a 100 X 200 sandpack. These results are

Chemical Engineering Department
University of Houston
Houston, Texas 77004

averaged to obtain probabilities of mobilization, breakup and stranding as fusc-
tions of capillary number and ganglion size. Axial and lateral dispersion
coefficients are obtained as functions of the average ganglion velocity. The results
from the solitary ganglion analysis can be used with the ganglion population
balance equations developed in a companion publication (Payatakes, Ng and

Flumerfelt, 1980) to study the dynamics of oil bank formation.

SCOPE

At the end of secondary oil recovery processes, 40 to 70% of
the original amount of oil remains in the reservoir. Usually,

0001-1541-80-3682-0419-$01.25.
©The American Institute of Chemical Engineers, 1980.

this residual oil is dispersed throughout the porous rock in the
form of small oil ganglia (nodular blobs) each of which occupies
one to, say, fifteen adjoining chambers of the porous medium.
The rest of the porous space is taken by brine (formation
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